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Abstract. This paper studies the p-Frobenius vector of affine semigroups
S C N9 Defined with respect to a graded monomial order, the p-
Frobenius vector represents the maximum element with at most p factor-
izations within S. We develop efficient algorithms for computing these
vectors and analyze their behavior under the gluing operations with N%.
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Introduction

An affine semigroup S C N7 is a set containing 0 and closed under addition. A
finite set A = {a1,...,ap} C N7 is a generating set of S if S = { Z?=1 Aia; |
Ay AR € N}. It is called a minimal generating set if it is the minimal set,
according to inclusion, generating S. In this work, S = (A) means that A is
the minimal set of generators of S. In what follows, when we talk about an
affine semigroup, we must understand a finitely generated affine semigroup.

Let S = (A) and n € N9, the set Z,(S) denotes {A = (A1,..., ) €
Nt | n = Zf’zl Aia;}. The minimum integer cone containing S is C(S) =
{Z?Zl Xi@i | Ay A € @20} N N4, We say that S is a C-semigroup if
C(S)\S is a finite set. For ¢ = 1, S is called a numerical semigroup when
N\ S is finite (equivalently, ged(ay,...,an) = 1).

An important invariant related to numerical semigroups is the Frobenius
number, defined as the maximum element f in Z \ S, that is, the largest
integer that cannot be written as a positive linear combination of the minimal
generators of S. Observe that f is the Frobenius number of S if and only if
f is the maximum integer satisfying Z(S) = (. Thus, one may naturally
extend this definition to affine semigroups and call the Frobenius vector, the
mazimum (for a fixed monomial order <) integer vector satisfying Z¢(S) = 0.
However, this maximum element might not exist for several reasons. The
worst case arises when {f € C(S) | Z;(S) = 0} is not finite. Nevertheless,
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when C(5)\S is finite, this mazimum integer vector can be set by max<(C(S)\
S) for the fixed monomial order < ([11]). In [22], the possible Frobenius
vectors for an affine semigroup S such that C(S) = N7 and C(5)\ S finite are
studied.

The first generalization of the Frobenius number appeared in Ref. [3],
but later many other generalizations of the Frobenius number/vector have
been introduced. For a numerical semigroup S, the most usual definitions of
generalized Frobenius number (called p-Frobenius number) are: the largest
integer n € N such that #Z,(S) = p (see Ref. [4]), or the largest integer
n € N such that #7Z,(S) < p (see Ref. [15] and references therein). These
definitions are also used for affine semigroups. In particular, a p-Frobenius
integer number associated with an affine semigroup was introduced in Ref.
[1].

In this work, for an affine semigroup S, we introduce the concept of
p-Frobenius vector of S (with respect to a graded monomial order <), which
is defined as Fy(S) = max<{C(S) \ S}, and F,(S) = max<{n € C(S) | 0 <
82,(S) < p}, for p > 0. When the set defining Fy(S) is not finite, we set
Fo(S) = (o0,...,00). Similarly, for p > 0, F,(S) = (o0,...,00) when its
defining set is not finite. One of the goals of our work is to characterize when
F,(S) is finite (Theorem 2.1), and, as a consequence, to provide an algorithm
to compute the p-Frobenius vector from the minimal generating set of any
affine semigroup (Algorithm 1). Moreover, we give two improved algorithms
for the cases p =1 and p = 2. The case p = 0 was solved in Ref. [7]. In that
paper, the authors characterize the affine semigroups S such that C(S) \ S
is finite, and an algorithm to compute its gap sets is introduced. For both
results, only a generating set of S is required.

The other target of this paper is related to the gluing of semigroups.
The concept of gluing for numerical semigroups was introduced in Ref. [19].
With this nomenclature, the main result of Ref. [6] tells us that a numerical
semigroup is complete intersection if and only if it is gluing of two complete
intersection numerical semigroups (see Ref. [21, Chapter 8] and references
therein). The concept of gluing is generalized to affine semigroups in Ref. [20],
and in Ref. [9], it is proved that an affine semigroup is complete intersection
if and only if it is gluing of two complete intersection affine semigroups (see
also Ref. [2] and Ref. [12]). We consider the gluing of an affine semigroup
with N?: given the affine semigroup S = (a1,...,a) C N9, d € N and
v € S\ {ai,...,ap} with d and ged(v1,...,7,) coprime, S @4~ N7 is the
affine semigroup minimally generated by {dai,...,dan,v}. We say that the
semigroup S @4~ N? is an N9-gluing (affine) semigroup. An interesting paper
on when two affine semigroups can be glued is Ref. [13]. In this context, it is
well known that the Frobenius number of a numerical semigroup generated
by two coprime elements {a,b} is (a — 1)(b — 1) (]23]), and it also exists an
exact formula for the Frobenius number when the semigroup is generated
by three elements ([24]). Moreover, for numerical semigroups, the Frobenius
number of S@ 4N is determined by dFy(S)+(d—1)~ ([6, Proposition 10]). In
this work, we study some properties of p-Frobenius vector of S = S @4, N7,
and determine an explicit way to obtain it from the p-Frobenius vector of S
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under certain conditions. If such conditions do not hold, an upper bound of
F,(S") is provided.

This work is structured as follows. Section 1 lays the necessary founda-
tion for understanding subsequent sections. In Sect. 2, we characterize when
the p-Frobenius vector is finite for any affine semigroup S, and we establish
an algorithm to compute it. Sections3 and 4 are devoted to improve the
previous algorithm for p = 1,2, respectively. In the last section (Sect.5), we
study the p-Frobenius vector of the semigroup obtained from the gluing of
an affine semigroup with N?. Throughout the paper, we use clear examples
to help understanding.

1. Preliminaries

For any n € N\{0}, [1,n] denotes the set {1,...n}.

Given the minimal generating set {a1,...,ap} of an affine semigroup S,
and a field K, we can consider the S-graded polynomial ring K[zq,...,zp]
where the S-degree of a monomial X® = z{'--- 2" is 2?21 o;a;. In this
polynomial ring, we define the S-homogeneous polynomial ideal Ig C
Klzy,...,zp] as

h h
Ig = <x¢111...x‘;;h_x/131...x§h |Zaiai:Zﬁiai>- (1)
=1 1=1

This ideal is usually called the semigroup ideal of S. It is well known (see
[14]) that (pure) binomials finitely generate this ideal, and there exist some
minimal generating sets with respect to inclusion.

In this work, we use several concepts and tools related to computational
algebra. The reader can find the necessary background in Ref. [5]; here, we
collect the essential definitions and properties to improve his reading.

Let =< be a monomial order on K[zy,..., 23], that is, a multiplicative
total order on the set of monomials satisfying that for any two monomials
X X8 with X* < X? then X*X" < X? X" for every monomial X7. Given
an ideal I C K[zy,...,xp], we denote by InL(I), the set of leading terms of
non-zero elements of I, and (In (7)) the monomial ideal generated by In(I).
A finite subset G of I is a Grobner basis of I if (In< (1)) = ({In<(g) | g € G}),
where In-(g) is the leading term of g. A Grébner basis is reduced if all its
polynomials are monic and irreducible by its other polynomials. This reduced
basis is unique for each order. An algorithm for computing the (reduced)
Grobner bases for I is given in Ref. [5, Chapter 2, §7]. It is also well known
that Grébner bases of monomial (resp. binomial) ideals are sets of monomials
(resp. binomials).

Given a monomial order < and a Grobner basis G, we denote by
NormalForm<(f,G), the remainder of the division of f € K[z1,...,x5] by
G with respect to <. Since G is a Grobner basis, NormalForm<(f,G) is
unique (see [5, Chapter 2, §6, Proposition 1]). Taking into account the def-
inition of F,(S) given in the introduction, we not only assume that the or-
der is a monomial order but a graded one as well. That is, the monomi-
als are first compared by total degree, with ties broken by one other order
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(see [5, Chapter 8, §4, Proposition 1]). This is to avoid the following con-
tradictory cases: for instance, consider the affine semigroup S generated by
{(0,1),(1,1),(2,0),(3,0)} and the lexicographical order =.,; we have that
«(0,1) has a unique writing for any o € N, meaning that {n € C(S5) |
8Z,(S) = 1} is an infinite set so F1(S) = (00, 00) according to definition;
nevertheless, it has a maximum with respect to <je,, which is (7,0). Indeed,
graded monomial orders satisfy that #{s € S| s < a} < oo for every a € S.

2. Computing F,(S)

Consider S C N? an affine semigroup and < a graded monomial ordering on
I\ER

In this section, we provide an algorithm to compute F,(.S) for any p € N.
Recall that to solve the problem for p = 0, you can use the results appearing
in Ref. [7]. The following result is the key to obtain such an algorithm for
p > 1. Furthermore, it characterizes when F,(S) € N9.

Theorem 2.1. Let S = (aj,...,ap) C N? be an affine semigroup, p € N\ {0},
and let < be a graded monomial ordering on N%. Then, F,(S) # (c0,...,0)
if and only if, for every k € [1,h], there exist Ay, ag; € N, such that Ayay =

h
D imt ik Ok i

Proof. Without loss of generalization, assume that for £k = 1, for every
A € N, the element Aa; cannot be expressed using only the generators
{az,...,ap}. This implies that Zy,, (S) = {(A,0,...,0)} (the only expres-
sion of Aaj is itself). Therefore, #Zxq4,(S) = 1 for every A € N, and thus,
F,(S) = (o0,...,00).

Conversely, let b = Z?Zl pia; € S such that there exists k € [1, h] with
i > pAk, assume k = 1. We have that p; = pA; + d with d € N, and

h h h
b= (pA1 +d)a1 + Zﬂiai =((p— 1A +d)ar + Zmai + Zal,iai =

i—2 i—2 i—2
h h h h
((p—2)\1 +d)ar + Z Hia; + Z 201,50 = -+ = da1 + Zmai + Zpal,iai-
i—2 i—2 i—2 i—2

Obtaining in this way, p+1 different factorizations of b. Thus, all the elements
with at most p factorizations are in the bounded set {Z?Zl viai | v €N, v <
pAi}, and therefore, F,(S) € N4. O

Remark 2.2. Theorem 2.1 implies that the finiteness of the p-Frobenius vec-
tor, F,(9), is independent of both the value p and the chosen graded mono-
mial order. In simpler terms, if Fj(S) exists, then all F},(S) for p > 1 also
exist,.

Corollary 2.3. Let S = (a1, ...,an) C N? be an affine semigroup, p € N\ {0},
and < a graded monomial ordering on N9. Then, F,(S) # (c0,...,00) if and
only if every extremal ray T of C(S) contains at least two minimal generators

of S.
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Proof. If there is an extremal ray that contains only one minimal generator,
then that generator cannot be written as a combination of the other minimal
generators. Thus, by Theorem 2.1, F},(5) is not finite.

Assume now that, every extremal ray 7 of C(S) contains at least two
minimal generators of S. Let k € [1, h], by Theorem 2.1, it is enough to prove
that a multiple of aj is a combination of the other minimal generators to
conclude. If ai is not in any extremal ray of C(S), then there exists A\, € N
such that Agax can be expressed using only the generators of S belonging to
the extremal rays of C(S). Otherwise, if aj, is in an extremal ray 7 of C(S5),
by hypothesis, there exists another minimal generator a; € 7, thus a; = aa;
for some o € Q. Hence, there exist 3,y € N, such that Sa, = va;. O

Given a h-tuple A = (Ay,...,\s) € N once obtained the set

h

D(A,p) == {Z%‘ai |7 €N, 3 < P)\z} ) (2)
i=1

the algorithm to compute F,(S) is straightforward from the proof of Theorem

2.1.

Algorithm 1 computes F,(S). Note that, if Theorem 2.1 holds, then
any Grobner basis of the ideal Is C Klzy,...,z,] associated with S con-
tains a binomial with a monomial like z3*, for all k£ € [1,h]. Moreover, in
this procedure, the elements A\; obtained are the smallest elements satisfying

h
Akl = D25y ik il

Algorithm 1: Computation of F),(.5).

Input: A minimal system of generators {a1,...,ap} of S and p € N.
Output: F,(S).

1 if p = 0 then

2 if S is a numerical semigroup then

3 L return The Frobenius number of S

4 if C(S)\ S is finite then

5 L return The Frobenius vector of S

6 if C(S)\ S is not finite then

7 L return (oo, ...,00)

8 if there is an extremal ray of C(S) with only one minimal generator
of S then

9 L return F,(S) = (o00,...,00)

10 B «— a (reduced) Grobner basis of Ig;

11 A« (\,...,\n) € N" such that :I:Q’”‘ is a monomial of a binomial in
B;

12 D« D(A, p);

13 return F,(S) = max<{n € D | 0 < #Z,(S) < p}




90 Page 6 of 15 E. R. G. Barroso et al. MJOM

Example 2.4. Let S be the affine semigroup generated by the elements of
the set A = {(3,0), (4,0),(0,5),(0,6),(1,1)} and consider the graded lexico-
graphic order the monomial ordering used in this example. The set A is a
minimal generating set of S and the ideal of the semigroup is generated by

6 5 4 4,4 2 4 2.3 2,.8
{.T3 — Xy, 2Ty — T35, T2T3 — T4l5, Ty — T3Tx,

3,.2 12 5 2 3 3.3 3 2.3
1‘21‘4 - .'1;5 ,./L'lxs - l‘2$3,$1x4 - $3I5,$1$31‘5 - .%‘23?4,.%’15133 - $4.’I:57

2 7 2 11 .2 6 .3 5 4 3
T1X2Ty — X3T5,T1XX3T4 — Ty , T T4 — Ty, T1T3 — T2T5, T — IQ}.

Note that the monomials z1, #3, 2§, 23, and z}! appear in the above set.
Thus, A = (4,3,6,5,11). The set D(A, 1) is equal to

{(371 +4’72 + 75;5’73 + 674 +’V5) | (070,0,0,0) < vy < (4733675, 11)}3

containing 1835 elements. Ordering this set with respect to the fixed mono-
mial order, the greatest element n having #7,,(S) equal to 1 is (21,4), and
therefore, Fy(S) = (21,4).

3. Computing the 1-Frobenius Vector from Grobner Basis of
Ig

While Algorithm 1 efficiently calculates the p-Frobenius vector F),(.S) for any
p and monomial order =, its dependence on large sets like D(A, p) can limit its
efficiency. This section presents an improved algorithm specifically for F(.S)
by leveraging computational algebra tools, offering greater efficiency for this
common case.

In general, given any monomial X¢ € Klzy,...,z,] with S-degree
m, and any Grobner basis B of Ig with respect to a monomial order =<’
NormalForm</ (X%, B) # X implies that #Z,,(S) > 1. Indeed, since the
elements of B are binomials, then NormalForm</ (X, B) is a monomial, say,
X5 thus, X® — X € Ig, meaning that they have the same S-degree, so
a, B € Zn(S). Hence, if you consider the following set (equivalent to D(A, 1)),

D/(A) = {(’717"'7’}%) ‘ i € N7 Yi é >\z}v

the elements m, = Z?zl yia; € S with v € D'(A) and such that #Z,, (S) =
1 satisfy NormalForm<,(X7,B) = X7. This fact can be used to improve
Algorithm 1 for p = 1.

The following lemma also improves Algorithm 1 for p = 1. Consider that
B ={X" — X", ..., X" — X"} is the reduced Grobner basis of Ig with
respect to </, and let I, C K[y, ..., 2] be the monomial ideal generated by
{X"1, ..., X"}. We assume the leading term of X" — X% is X% for any i.

Lemma 3.1. Leta = (a1, ..., o) € D'(A) such that NormalFormz: (X%, B) =
X, Then, #ZZ’Llaiai(S) > 1 if and only if X € I,.

Proof. Since NormalForm</ (X%, B) = X®, X is not the leading term of any
binomial in Ig respect to <’.
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Assume H#Lsh  aia; (S) > 1. Then, there is 8 € N"* with Zz}‘;l Bia; =
ZLI a;a;i, and B # a, that is, X” — X € Ig. Hence, there exist fi,..., f; €
K[z1, ..., o] such that X7 — X = S!_ fi(X% — X¥). Therefore, X” is
the leading term of X? — X, and then, X® has to be equal to X7 XV for
some i € [1,t] and X7 € K[z, ..., x,]. We have that X € [,.

Conversely, suppose X € I, so X% is equal to X# — X" for some
] € [1,t] and X? € K[xl,. .. ,a:h}. Hence, Z?:l Q;a; = Z:L:l(ﬁb + vji)a,»,
where v; = (vj1,...,v;5). On the other hand, X — X% € Ig, and so,
Z?:1(5¢+Uji)ai = Z?:l(ﬁi‘i’uji)ai with u; = (uj1,...,u;,). Thus, a = f+v;
and [+ u; are two different elements in Zg-n o, (9). O

Algorithm 2: Improved computation of Fj(S5).

Input: A minimal system of generators {a1,...,ap} of S.

Output: F;(S)
1 if there is an extremal ray of C(S) with only one minimal generator
of S then
| return F(S) = (oo, ...,00).

B «— a (reduced) Grobner basis of Ig;

[SCRE N

A (A1,...,\n) € N" such that xzk is a monomial of a binomial in
B;
D —{vy=(,...,7) € D'(A) | NormalFormx, (X7,B) = X" };
D {7: (717'-'77%) €D ‘ X7 ¢IU}5
h
return F(S) = max<{> ., viai | (71,...,7) € D}

IS

S ot

-

Note that the previous results mean that the set of elements m € S with
#7Z.,(S) = 1 corresponds to the set of monomials in X% € K[z, ..., x}] such
that X ¢ (In.(I))+ I,. Furthermore, the monomial ideal (In~ (1)) + I,, does
not depend on the fixed monomial order. This fact allows us to introduce an
alternative algorithm to compute Fi(S).

Algorithm 3: Improved (v2) computation of Fi(S).

Input: A minimal system of generators {a1,...,a} of S.
Output: F(5).

1 if there is an extremal ray of C(S) with only one minimal generator
of S then

2 L return F(S) = (00,...,00).

3 B — a (reduced) Grobner basis of Ig;

4 Q« {y€N"| X7 is a monomial of a binomial of B};

5 D N'"\Uyea(y +N");

6 return F;(S) = maxj{Zf:l viai | (71,-..,7) € D}
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FEzample 3.2. Consider the same semigroup of Example 2.4. From the mono-
mials of the Grébner basis computed, we obtain the set of tuples

Q = {(0,0,0,5,0),(0,0,6,0,0),(0,1,0,4,0),
(0,0,4,0,4),(0,1,2,0,0),(0,0,0,1,4),
0,2,0,3,0),(0,0,2,0,8),(0,3,0,2,0),
0,0,0,0,12),(0,2,1,0,0),(1,0,0,0,5),
1,0,0,3,0),(0,0,3,0,3),(0,1,0,1,0),
1,0,1,0,1),(1,0,3,0,0),(0,0,0,2,3),
1,1,0,2,0),(0,0,1,0,7),(1,2,1,1,0),
0,0,0,0,11),(2,0,0,1,0),(0,0,0,0,6),

(
(
(
(
(
(
(3,0,1,0,0),(0,1,0,0,5),(0,3,0,0,0),
(

4,0,0,0,0)}.

The set {327_, ayai|a € N\ U,eq(y+ N°)} has cardinality 179 and its max-
imum with respect to the monomial order is (21,4). Thus, F;(S) = (21,4),
the same we obtained with Algorithm 1.

4. 2-Frobenius Vector and Indispensable Binomials

Continuing with the established notation, consider a graded monomial order
= in N? and an affine semigroup S generated by {aj,...,an}, as in the
preceding sections. It is well known that all the minimal generating sets of
the semigroup ideal Ig have the same cardinality. Moreover, these sets are
characterized using simplicial complexes (see Ref. [17], and the references
therein). Let C,,, C K[z, ..., xp] be the set of monomials of S-degree m € S.
In Ref. [8], it is introduced the simplicial complex V,,, = {F C Cy, | ged(F) #
1}, where ged(F') denotes the greatest common divisor of the monomials in
F, and m belongs to S. Since z{" - - - z}," € C,, if and only if m = 2?21 o;a;,
the vertex set of V,,, consists of all the monomials of S-degree m € S, which
is equivalent to the set of all the ways of writing m as a linear combination
of the generators of S.
We have the characterization of the minimal generating sets of Ig.

Theorem 4.1. (/8]) Let A = {X"+ — XV ... X" — X"} C Ig, and M =
{S-degree(X“) | i € [1,t]}. Then, A is a minimal generator set of Is if and
only if
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1. The simplicial complex V,, is non-connected for any m € M.
2. For anym € M:
(a) the cardinality of By, is equal to the number of connected compo-
nents of V,, minus one;
(b) the monomials X* and XV of any binomial X* — XV € B,, belong
to different connected components of V., ;
(c) there is at least a monomial of every connected component of V,,,
where By, is the set of binomials of S-degree m in A.

From the study of the uniqueness of the minimal generating set of Ig,
the definition of the indispensable binomial of Ig arises. An indispensable
binomial of Ig is a binomial that appears (up to a scalar multiple) in every
generator set of Is. Equivalently, X® — X? € Ig is an indispensable binomial
if and only if V,,, = {{X°},{X?}}, where m is the S-degree of X and X"
(see Corollary 7 in [16]).

Lemma 4.2. Let S be an affine semigroup such that there exists m € S with
82 (S) = 2. Then, there is at least an indispensable binomial in Ig.

Proof. The equality #Z,,(S) = 2 implies that either V,, = {{X‘D‘}7 {Xﬁ}}
or Vp,, = {{X*},{X7},{X* XP}}. For the first case, X* — X” is an indis-
pensable binomial in Ig, and for the second one, ged(X®, X7)~! (X — X7)
is an indispensable binomial. O

Corollary 4.3. Given S an affine semigroup satisfying the hypothesis of The-
orem 2.1. If there is no indispensable binomial in Ig, then Fy(S) = F»(S5).

From D(A,2), as defined in (2), we set
DH(A) = {’Y = (’yla cee 77h) ‘ Yi € Na Yi < 2>‘l} .
Corollary 4.4. Let v € D"(A) satisfying #ZZ’Lmiai(S) = 2. Then, there
existy' € D"(A) and X° € K[z, ..., x5 such that X7 — X7 = X0 (X~ X5)
with X® — X? an indispensable binomial in Ig.

Similar to the case p = 1, we can leverage results from this section
to enhance Algorithm 1 for p = 2. We can determine whether there are
elements in the semigroup with only two ways of writing by checking whether
there are any indispensable binomials in Ig. Furthermore, if there are some

indispensable binomials, we can significantly reduce the set of elements in
the semigroup that can have two ways of writing.
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Algorithm 4: Improved computation of F5(S5).

Input: A minimal system of generators {aj,...,a} of S.
Output: F5(S).
1 if there is an extremal ray of C(S) with only one minimal generator

of S then

2 L return (oo, ..., 00)

3 if there is no indispensable binomial in Is then

4 L return F5(S) = Fy(S5)

5 B — a (reduced) Groobner basis of Ig;

6 A (\i,...,\n) € N" such that xzk is a monomial of a binomial in
B;

7 D — D"(A);

8 I « the set of indispensable binomials in Ig;

9 G—{(v,7) eN| X7 — X eI}

10 D — D\ {7,y eN"[(y,7) € G}

11 G+ {y e N"|(v,79) € G for some 7' € N'};

12 while there is v,y € D with X7 — X7 = bX?, such that b e I do
13 if #Z5n o, (S) = 2 then

14 G—GU{v}

15 LDHD\{%V’};

16 f — max<{> " viai | (v1,...,7m) € G};
17 return F»(S) = max<{Fi(S), f}

FEzample 4.5. Continuing with the semigroup of the Examples 2.4 and 3.2.
For this semigroup, all the binomials of the Grébner basis given in Example
2.4 are indispensable.

We have that A = (4, 3,6,5,11), and therefore, the set D”(A) is equal to
{yeNP|~<(8,6,12,10,22)}. We use the bound (8, 6,12, 10, 22) to compute
the set G from the set D that initially contains 126721 elements. These ele-
ments are the factorizations of 10071 different elements in the monoid S. We
search the maximum with respect to the graded lexicographic order having
exactly 2 factorizations. For this sake, we sort all the 10071 different elements
obtained in the semigroup, and, starting from the biggest one, the element
(70,164), we stop after we find an element with exactly 2 factorizations. The
element found is (2,83), and thus, F»(S) = (2,83).

5. p-Frobenius of N9-Gluing Affine Semigroups

From now on, consider S = (aq,...,ap) an affine semigroup, d € N, v =
(M5---,7) € N? with d and ged(y1,...,7,) coprime, and such that S =
S @4~ N7 is an affine semigroup. In this section, we study the behavior of
F,(S") with respect to F,(95).
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For numerical semigroups, that is ¢ = 1, the relationship between Fy(S”)
and Fy(S) is the well known formula Fy(S") = dFy(S) + (d — 1)5. Note that,
for p = 0 and ¢ > 1, the 0-Frobenius vector is finite if and only if S is a
C-semigroup. Also note that for any S, C(S’)\ S’ is not finite. Therefore, we
assume that p > 1.

Lemma 5.1. Let 8’ = ds+ay € S withs € S and 0 < a < d — 2. Then,
#2:(8') = #Zs14(5").
Proof. Remember that S = (day, ..., dap,7) and consider the injective map
v: Zy(5') — Zy4y(5)
s A Ay) — (Ao A Ay + 1),

To conclude, we prove that v is surjective.

Take \' = (A}, ..., A}, A,) € Zo14(S"), that is

Mday + -+ Nydap + Ny ="+ =ds+ (a+1)y.

This implies that (A} — (a + 1)) = 0 (mod d), and since ged(v1,---,7)
and d are coprime, it must be A’ = a+1 (mod d). In turn, since A, € N and
0 <a <d—2, wemust have X, > a+1 > 0. Thus, A = (A},..., A}, N, — 1) €
Zg(S"), and clearly, v(\) = X. O

This allows us to give an upper bound for the p-Frobenius vector of S’
when p > 1.

Proposition 5.2. Let S and S’ as defined before and let p > 1. Then, F,(S") =<
dF,(S) + (d —1)y.

Proof. We have that F,,(S’) € S’, and thus, F,(S’) = ds+a, for some s € S
and a € N. Since 7 € S, we can further assume that 0 < a < d — 1.

We claim that it must be F,(S’) = ds + (d — 1)7. Indeed, if F,(S’) =
ds + ay with @ < d — 1, then, by Lemma 5.1, F,(S’) 4+ v is also an element
of {n € N| #Z,(S) < p}, contradicting the <-maximality of F}(S").

Finally, we prove that s < F,(S). By contradiction, if s >= F,(S), then
#7s(S) > p+ 1, and #Zgq4(a-1),(S) = p+ 1. U

The following result shows a necessary and sufficient condition for equal-
ity to hold in Proposition 5.2 whenever F,(S) is such that #Zg () (S) = p.

Theorem 5.3. Assume that #Zr,(5)(S) = p. Then, F,(S") = dF,(S) + (d —
1)y if and only if, for every b € Z.(S), there is no ¢ € Zg,(5)(S) such that
b <yn ¢, where <yn denotes the partial order given by b; < ¢; for every
i€l,h].

Proof. Let s’ = dF,(S) + (d — 1)~.

Assume there exist b € Z,(5) and ¢ € Zp, (5)(S5) such that b <yn c. We
show s' # F,(S’) by proving #Zy(S") > p + 1. Indeed, notice that every
A € Zp, (5)(S) gives an element (A, d — 1) € Zy/(S'). This implies #Z(5") >
#7Zr,(5)(S) = p. Moreover, one can check that (¢ —b,2d — 1) € Z/(S') gives
another element in the set.
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Conversely, let Zp (5)(S) = AW AP} As just noticed, we have

that
L= {(A(l),d— 1) ()\(p),d— 1)} C 7y (S).

Assume by contradiction that F,(S’) # s’. Then, by Proposition 5.2, it must
be F,(S") < s'. Thus, #Zs(S") > p+1. Let = (1, - - -, iy fby) € Zgr (S")\L.
Since ged(y1, ... ,7,) and d are coprime, and

dFy(S) 4+ (d = 1)y = &' = puday + - - - + ppday, + (147,

then y, = d—1 (mod d). If py = d—1, then (p1,...,un) € Zp,(s)(S), which
cannot be since p ¢ L. Thus, pu, = kd + (d — 1) for some k > 1. Taking b =
(b1,...,by) € Zy(5), we have (u1 +kby, ..., up +kby,d—1) € Zy(S"). Hence,
(1 + Kby, ..., up + kby) € ZFp(S)(S)y that is, (u1 + kb1, ..., un + kbp) = ¢
for some ¢ € Zp, ()(S). This implies that b <y ¢, which contradicts the
hypothesis. O
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